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Quantified Gamow Shell Model  
interaction for p-(sd-) nuclei

We optimized an effective interaction within 
the Gamow Shell Model (GSM) framework, 
designed to describe a variety of structure 

(bound + unbound) and reaction observables 
across the p-nuclei (A ≃ 5 - 15)  

Statistical studies were carried out to assess 
statistical uncertainties and correlations. 

Now is the time for applications in collaboration 
with experimentalists:  

Interplay theory ⇔ experiments to improve the 
interaction and make better predictions.
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Y. Jaganathen, R. Id Betan, N. Michel, W. Nazarewicz, M. Płoszajczak,  
Phys. Rev. C 96, 054316 (2017)

Quantified GSM interaction for p (and sd-) nuclei Y. Jaganathen - ŚLCJ-UW Workshop - Jan 20191



1. The framework: the Gamow Shell Model 

2. The quantified GSM effective interaction 

3. Applications  
๏ Correlation densities 
๏ Excited spectra 

4. How to improve the interaction with different experimental data 

5. Summary and outlook 

Outline
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‣ Open-quantum system extension of the 
traditional Shell Model 

‣ HO  →  finite-depth potential: 
• Woods-Saxon  
• Gamow Hartree Fock 

The Framework: The Gamow Shell Model

‣ S.p. states, solutions of the one-body radial 
Schrödinger equation: 

N. Michel, W. Nazarewicz, M. Płoszajczak, T. Vertse,  
J. Phys. G: Nucl. Part. Phys. 36, 013101 (2009)
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‣ Specific boundary conditions: 
• Bound states, resonances: 
• Scattering states (continuum):

un`j(r) ⇠ C+H
+
` (⌘, kr), r ! +1
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s‣ Both correlations and continuum effects are 
treated on the same footing (Berggren ensemble) 

‣ Discretization of the contours  →  large basis 

‣ GSM-Cluster orbital shell model (COSM)  
Hamiltonian:

The Framework: The Gamow Shell Model

‣ Translational invariance, but approximate antisymmetry in the laboratory frame 
‣ Exact treatment of the Coulomb interaction 

‣ Diagonalization of H gives the A-body bound states + resonances

T. Berggren, Nucl. Phys. A 109, 265 (1968)

N. Michel, W. Nazarewicz, M. Płoszajczak, T. Vertse,  
J. Phys. G: Nucl. Part. Phys. 36, 013101 (2009)
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‣ Effective finite-range NN potential 
• Gaussian-like with central + spin-orbit + tensor + Coulomb channels  
• Based on  H. Furutani, H. Horiuchi, and R. Tamagaki, Prog. Theor. Phys. 62, 981 (1979) 
• 7 parameters adjusted to the He, Li, Be chain ground-state energies + chosen excited states  

‣ Statistical study to compute uncertainties and correlations

‣ 4He core modeled by a  
  Woods-Saxon + spin-orbit + Coulomb 

‣ Configuration space: psdf 
• 0p3/2, 0p1/2 and/or 1s1/2, 0d5/2 resonances 
• s, p, d and f scattering continua, kmax = 2.0 fm-1 

• 4 nucleons in the continuum

The Interaction for p-nuclei

Protons Neutrons
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The zeroth order NN potential

• s, p, d, f shells 
• 4 nucleons in the continuum (converged calculations)
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The calculations were performed in the psdf�configuration
space. The 0p3/2, 0p1/2 resonant states and the associated
scattering continua were used as the Berggren basis for both
protons and neutrons, as well as the 1s1/2 and 0d5/2 resonant
states and the associated continua for neutrons to account for
possible antibound shells and excited states of different parity.

As stated in Sec. II A, the basis potential that generates the
Berggren basis was adapted for each nucleus. Consequently,
the scattering continua were also chosen differently for all nu-
clei depending on the nature of the 0p3/2, 0p1/2, 1s1/2, and
0d5/2 Gamow poles. For example, in the cases in which the
considered pole and the desired many-body state were bound,
the contour consisted of three segments on the real axis of
the momentum plane defined by the points kpeak = (0.1, 0.0)
fm�1, kmid = (0.2, 0.0) fm�1, and kmax = (2.0, 0.0) fm�1.
In the case of unbound s.p. pole, kpeak and kmid were moved
into the complex momentum plane to encompass the reso-
nant state. Finally, in the special case of 7He, for which
the 0p3/2 pole is bound but the many-body state is un-
bound, the corresponding contour was defined by the points
kpeak = (0.25,�0.24) fm�1, kmid = (0.5, 0.0) fm�1, and
kmax = (2.0, 0.0) fm�1 to generate a many-body configura-
tion space which can describe an unbound many-body state.
In all cases, the three segments were discretized with at least
10 Gauss-Legendre points. It is worth noting that the detailed
choice of the contour should not influence the results, pro-
vided that the key Gamow poles are encompassed by the scat-
tering contour.

The remaining higher-` partial waves can be quite well de-
scribed using a HO basis [71]. For that matter, and to re-
duce the size of the model space, the remaining s, d and
f partial waves were spanned by a HO basis with 11 shells
(nHO

max = 10). In this mixed basis, the natural orbitals were
generated as discussed in Sec. II A. The final model space
in which the calculations with the natural orbitals were per-
formed, allows at most four particles in the scattering contin-
uum.

The two-body interaction was optimized to the experimen-
tal binding energies of the ground states and a few selected
excited states of the helium, lithium, and beryllium isotopes
shown in Table V. The binding energies span a large range
from approximately �30 MeV to +2 MeV, and different types
of states are involved: bound states, resonances, and halo
states (ground state of 6He). The 1/2+ state of 9Be has been
chosen to probe the s1/2 shell.

The optimization yielded a �
2 minimum with a precision

kr�
2
k/Ndof ⇠ 10�4 limited by the SVD cutoff value (see

below). We restarted the optimization using different points
in the parameter space to assure that the robust solution has
been found. The optimized interaction parameters are listed
in Table VI together with the associated uncertainties.

As some parameters are weakly constrained by the current
dataset, the SVD procedure played an important part in our
optimization. To account for their different units and orders
of magnitude, the parameters were normalized to the value of
one during the SVD procedure, that is p↵ ! p̃↵ = 1, Ji↵ !

J̃i↵ = p↵Ji↵. Table VII lists the singular values (square roots
of the eigenvalues of the Hessian matrix J̃

T
J̃) at the minimum

TABLE V. Binding energies (relative to 4He; in MeV) and widths (in
keV) of the selected states of A = 6 � 9 nuclei used in this work
to optimize the two-body GSM interaction. The experimental values
are taken from Ref. [70]. The theoretical values were obtained using
the interaction parameters of Table VI. Note that the widths of the
listed unbound states did not enter the optimization procedure, i.e.,
those represent genuine predictions.

Nucleus State E Eexp � �exp
6He 0+ �1.063 �0.973
6He 2+ 0.938 0.824 168 113(20)
7He 3/2� �0.578 �0.528 178 150(20)
8He 0+ �3.225 �3.112
6Li 1+ �3.724 �3.699
6Li 0+ �0.054 �0.136
7Li 3/2� �10.688 �10.949
7Li 1/2� �10.359 �10.471
8Li 2+ �13.350 �12.982
9Li 3/2� �16.677 �17.046
6Be 0+ 1.390 1.371 21 92(6)
7Be 3/2� �8.977 �9.305
8Be 0+ �28.572 �28.204 0 0.0056(3)
9Be 3/2� �30.230 �29.870
9Be 1/2+ �27.747 �28.186 0 217(10)

TABLE VI. Optimized parameters of the two-body interaction (8-10)
together with their statistical uncertainties.

Parameter Value

V
11
c (MeV) �3.2 (220)

V
10
c (MeV) �5.1 (10)

V
00
c (MeV) �21.3 (66)

V
01
c (MeV) �5.6 (5)

V
11
LS (MeV) �540 (1240)

V
11
T (MeV fm�2) �12.1 (795)

V
10
T (MeV fm�2) �14.2 (71)

together with the corresponding eigenvectors.
The eigenvectors associated with large singular values de-

fine the directions along which the penalty function exhibits
the largest variations. Following SVD, the parameter space
is reduced to a smaller (relevant) space defined by the singu-
lar values greater than a given cutoff value smin. In the case
considered, a large value of smin = 1 was needed for the opti-
mization procedure to converge, reducing the parameter space
to four main directions. Table VII also shows that the two
central-potential parameters V 10

c and V
01
c are the two param-

eters which primarily govern the optimization, as well as V 00
c

V
10
T to a lesser extent. The three (ST ) = (11) parameters are

poorly constrained by the experimental dataset chosen. More
experimental data of different kinds, such as charge and mat-
ter radii and electromagnetic moments, will be useful in the
future developments to constrain these parameters. At this
point, the freedom on the sloppy parameters can be utilized
to fine-tune the interaction to reproduce experimental reaction
thresholds.

• r.m.s. deviation of 250 keV 
• Good starting point for detailed structural and reaction 

studies

Y. Jaganathen, R. Id Betan, N. Michel, W. Nazarewicz, M. Płoszajczak,  
Phys. Rev. C 96, 054316 (2017)
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The zeroth order NN potential

Parameter Value

central

S=1 , T=1 -3.2 ± 22.0

S=1 , T=0 -5.1 ± 1.0

S=0 , T=0 -21.3 ± 6.6

S=0 , T=1 -5.6 ± 0.5

spin-orbit S=1 , T=1 -540 ± 1240

tensor
S=1 , T=1 -12.1 ± 79.5

S=1 , T=0 -14.2 ± 7.1

‣ Parameters ‣ Singular values (eigenvalues of the normalized  
Hessian matrix)

7

TABLE VII. Singular values sn and the corresponding eigenvectors
of the normalized Hessian matrix J̃

T
J̃ with respect to the parameters

at the minimum. The main components are written in boldface. The
SVD cutoff separates the relevant space generated by the eigenvalues
1-4 from the irrelevant space. The displayed values are computed at
the �

2 minimum but exhibit similar pattern during the optimization
procedure.

n sn V
11
c V

10
c V

00
c V

01
c V

11
LS V

11
T V

10
T

1 243 0.00 0.82 �0.03 0.53 0.00 0.00 0.23
2 43.0 0.00 �0.49 �0.02 0.85 0.00 �0.01 �0.19
3 7.06 �0.04 �0.16 0.79 0.05 0.04 �0.07 0.58
4 3.94 0.02 �0.25 �0.61 0.01 �0.09 �0.04 0.75
5 0.57 �0.23 �0.02 �0.09 0.00 0.97 �0.01 0.04
6 0.20 0.65 �0.03 0.04 0.01 0.16 0.74 0.06
7 0.12 0.73 0.01 0.00 0.00 0.16 �0.66 �0.04
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FIG. 3. Energies of the helium, lithium and beryllium isotopic
chains with A  9 computed using the optimized GSM interaction
with parameters given in Tables II and VI. The experimental values
shown by stars are taken from Ref. [70]. The widths of unbound
states are listed in Table V.

The results of the optimization are shown in Fig. 3 and
listed in Table V. Overall, the quality of the optimization is ex-
cellent, with a root mean square deviation (rms) of 250 keV.
The helium chain, whose energetics depends almost exclu-
sively on a single parameter V

01
c , is well described with a

rms deviation of 95 keV. The T = 0 nuclear interaction is
responsible for clusterization effects and probably demands
the inclusion of higher partial waves than ` = 3 for a bet-
ter description. This explains why the optimization slightly
deteriorates for Li and Be isotopes. In any case, an overall

agreement with experiment over such a large range of ener-
gies is quite satisfactory and makes this interaction an excel-
lent starting point for detailed structural and reaction studies.
It is also worth noting that, even if they do not enter the set of
fit-observables, the widths of the unbound states are described
fairly well in spite of the fact that they are extremely depen-
dent on the threshold energies.

The correlation coefficients (16) for the two-body interac-
tion parameters are listed in Table VIII. This table can be used
to obtain the associate covariance matrix needed to assess the
uncertainties on predicted observables. The two main interac-
tion parameters V 10

c and V
01
c are strongly anticorrelated. The

values that are related to the sloppy parameters should not be
taken too rigorously as they are computed within the linear re-
gression framework. Only a fully-consistent statistical study,
based, e.g., on Bayesian techniques, can fully assess correla-
tions related to these parameters.

TABLE VIII. Correlation coefficients between the two-body interac-
tion parameters.

V
11
c V

10
c V

00
c V

01
c V

11
LS V

11
T V

10
T

V
11
c 1 0.24 0.26 �0.44 0.63 �0.45 �0.25

V
10
c 0.24 1 �0.22 �0.92 0.01 �0.89 �0.99

V
00
c 0.26 �0.22 1 0.30 �0.21 0.38 0.21

V
01
c �0.44 �0.92 0.30 1 �0.17 0.96 0.89

V
11
LS 0.63 0.01 �0.21 �0.17 1 �0.28 �0.04

V
11
T �0.45 �0.89 0.38 0.96 �0.28 1 0.88

V
10
T �0.25 �0.99 0.21 0.89 �0.04 0.88 1

VI. FIRST APPLICATIONS

The optimized interaction presented in the previous sec-
tions sets the path for a variety of structure and reaction ap-
plications across the A ' 5 � 12 nuclei. Such applications
will be presented in forthcoming studies. In this section, we
present representative applications of the optimized interac-
tion to different structural properties.

A. Two-nucleon correlation densities in 6He and 6Li

Pairing correlations are very important in nuclei close to
the neutron drip line as they can give rise to a significant
stabilization of weakly bound nuclei through the continuum
coupling [72–76]. Two-nucleon correlations can be evalu-
ated through the correlation density [36, 77–79] ⇢NN(r, ✓) =
h |�(r1 � r)�(r2 � r)�(✓12 � ✓)| i, in which r1 and r2 are
the positions of the first and second nucleon respectively and
✓12 the opening angle between the two nucleons. Here, we
follow the normalization convention of Ref. [79] in which the
Jacobian 8⇡2

r
2
r
02 sin ✓ is incorporated into the definition of

⇢NN , i.e., it does not appear explicitly.
Figure 4 shows the calculated pair correlation densities for

the states of 6He and 6Li that entered the interaction opti-

• Four parameters completely govern the optimization! 
• The three remaining parameters are sloppy, i.e. unconstrained by the chosen set of experimental data 
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Applications - Correlation Densities

For further discussion:  
K. Hagino and H. Sagawa, Phys. Rev. C 72, 

044321 (2005) 
G. Papadimitriou, A. T. Kruppa, N. Michel, W. 

Nazarewicz, M. Płoszajczak and J. Rotureau 
Phys. Rev. C 84, 051304(R) (2011) 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‣  A=7 nuclei:                                         

‣ Good overall agreement for the energies and the widths for the A=7 nuclei,  
‣ But large uncertainties in the He chain which come from the sloppiness of the T=1 parameters. 

Predictions - Energy Spectra with uncertainties
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‣ Helium chain 
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‣ How can we better constrain the parameters / add more correlations? 

• Experimental data of different kinds:  
- charge/matter radii,  
- EM moments… 

• Energies of high-lying states which: 
- can be described in the valence space  
- + are simple (from a SM point of view)  
- and not too embedded in the continuum (close to particle emission thresholds).

How to improve the interaction? 
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‣ Super-pure stretched coupling between 0p3/2 and 0d5/2 (ongoing theoretical analysis): 

‣ See N. Cieplicka-Oryńczak’s talk tomorrow on the proposed experiment at the Cyclotron 
Centre Bronowice (CCB) in Kraków.

The 21.47-MeV M4 resonant excitation in 13C 
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Summary and Outlook

‣ Within the Gamow Shell Model, we currently have: 
• a well-optimized interaction for p-nuclei 
• a code which can calculate all observables (within the GSM framework). 

‣ To improve the interaction, we need for exotic states: 
• experimental data of different kinds (charge/matter radii, EM moments…) 
• stretched / simple high-lying states. 

‣ Outlook: a GSM interaction for sd-nuclei (A > 16): 
• Local interaction for small chains of nuclei (on-going collaboration with the Milano group on 

the O chain, and possible collaboration with the Legnaro group) 
• Global interaction, if there is a high interest…
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‣ Within the Gamow Shell Model, we currently have: 
• a well-optimized interaction for p-nuclei 
• a code which can calculate all observables (within the GSM framework). 

‣ To improve the interaction, we need with respect to exotic states: 
• experimental data of different kinds (charge/matter radii, EM moments…) 
• stretched states. 

‣ Outlook: a GSM interaction for sd-nuclei (A > 16): 
• Local interaction for small chains of nuclei (on-going collaboration with the Milano group on 

the O chain, and possible collaboration with the Legnaro group) 
• Global interaction, if there is a high interest…

Summary and Outlook

Thank you for your 

attention!
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Back-up

3

state. This technique has been applied with success in the
contexts of Variational Multiparticle-Multihole Configuration
Mixing Method [40] and DMRG [41]. In the present study,
the approximate solution | 0

i is obtained in a smaller config-
uration space in which only two particles are allowed in the
non-resonant continuum space. With the corresponding nat-
ural orbital basis, a number of 5 � 7 states per partial wave
offer results of similar quality (�E < 15 keV) as the original
30 Berggren basis states; this sometimes reduces the sizes of
the matrices by four orders of magnitude, thus making large-
space calculations tractable.

B. The GSM interaction

In this study, the light nuclei are described in terms of va-
lence nucleons outside the 4He core. As seen in Eq. (2), the
GSM interaction has two components: the one-body core-
valence potential Ucore and the two-body interaction V be-
tween the valence nucleons. The core-valence potential is
modeled, separately for protons and neutrons, by the sum of
a Woods-Saxon potential, a spin-orbit term, and a Coulomb
field:

Ucore(r) = V0f(r)� 4V`s
1

r

df(r)

dr
` · s+ UCoul(r) (3)

where f(r) = �(1 + exp[(r � R0)/a])�1. The WS po-
tential depth V0, the spin-orbit strength V`s, the radius R0

and the diffuseness a are the four parameters that enter the
optimization carried out independently for protons and neu-
trons. The Coulomb potential for protons UCoul was kept fixed
and equal to the potential generated by a spherical Gaussian
charge distribution. It can be cast in the form UCoul(r) =
2e2 erf(r/R̃ch)/r [42], where R̃ch = 4Rch/(3

p
⇡) and the

experimental value of charge radius of 4He is Rch = 1.681 fm
[43].

A general form of a two-body effective nuclear potential
was derived in the early 1940s [44, 45], when a tensor poten-
tial was added in addition to central and two-body spin-orbit
potentials to describe the quadrupole moment of the deuteron.
The first applications of such an interaction using Gaussian
form factors succeeded in reproducing nucleon-nucleon (NN)
scattering data up to 300 MeV [46]. In this paper, we shall
use a NN-potential which is a sum of central, spin-orbit, ten-
sor, and Coulomb terms:

V = Vc + VLS + VT + VCoul. (4)

The two-body Coulomb potential VCoul(r) = e
2
/r between

valence protons is treated exactly by incorporating its long-
range part into the basis potential (see Ref. [47] for a detailed
description of the method). The central, spin-orbit and tensor
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Ṽc(r) =
3X

n=1

V
n
c (Wn

c +B
n
c P� �H

n
c P⌧

�M
n
c P�P⌧ ) e

��n
c r2 (5)
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where r ⌘ rij stands for the distance between the nucle-
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S = (�i + �j)/2, Sij = 3(�i · r̂)(�j · r̂) � �i · �j , and
P� and P⌧ are spin and isospin exchange operators, respec-
tively. Each part of the interaction is the sum of (two or) three
gaussians with different ranges: a short range to account for
the hard core, a long range to mimic the one-pion exchange
potential, and an intermediate range. The spin-orbit interac-
tion does not contain a long-range part and is only a sum of
two gaussians [50]. The original parameters of the interac-
tion of Refs. [48, 49] are listed in Table I; they were used to
reproduce the binding energy of 4He, as well as the nucleon
scattering phase shifts of on A = 3, 4 nuclei.
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Ṽc(r) =
3X

n=1

V
n
c (Wn

c +B
n
c P� �H

n
c P⌧

�M
n
c P�P⌧ ) e

��n
c r2 (5)
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